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Since f'' is related to the absorption cross section by
the optical theorem and f’ can be derived from f''
using the Kramers—Kronig dispersion relation, it is
possible to estimate the magnitude of anomalous
scattering terms from absorption data (Lye, Phillips,
Kaplan, Doniach & Hodgson, 1980). Such an esti-
mation for several lanthanides reveals values of f'' as
great as 28 electrons and f' values as large as —30
electrons. The magnitudes of these effects at L,;, edges
for lanthanides are, for example, even larger than those
observed for cesium as described herein. It is expected
that these very large effects, which can only be
effectively exploited with a synchrotron source, will be
increasingly used in protein crystallography.

We wish to thank Professors David Templeton and
Seb Doniach and Paul Phizackerley for numerous
helpful discussions. This work was supported by the
National Institutes of Health through grant CA 16748.
Synchrotron radiation beam time was provided by the
Stanford Synchrotron Radiation Laboratory which is a
National facility supported by the NSF (grant DMR-
77-2874) in cooperation with the Stanford Linear
Accelerator Center and the US Department of Energy.

References

ARNDT, U. W. (1978). Nucl. Instrum. Methods,
307-311.

BLow, D. M. (1958). Proc. R. Soc. London Ser. A, 247,
302-336.

BLow, D. M. & CRrick, F. H. C. (1959). Acta Cryst. 12,
794-799.

BrLow, D. M. & RossMANN, M. G. (1961). Acta Cryst. 14,
1195-1202.

CRAMER, S. P. & Hobpgson, H. O. (1979). Prog. Inorg.
Chem. 25, 1-39.

152,

Acta Cryst. (1980) A36, 864—869

THE USE OF ANOMALOUS SCATTERING EFFECTS

CRrick, F. H. C. & MAGDOFF, B. S. (1956). Acta Cryst. 9,
901-908.

DiIckeRSON, R. E., KENDREW, J. C. & STRANDBERG, B.
(1961). Acta Cryst. 14, 1188-1195.

GREEN, D. W., INGRAM, V. M. & PERUTZ, M. F. (1954).
Proc. R. Soc. London, 225, 287-307.

HARKER, D. (1956). Acta Cryst. 9, 1-9.

HERZENBERG, A. & Lau, H. S. M. (1967). Acta Cryst. 22,
24-28.

Hoppe, W. & JakuBowskl, U. (1975). Anomalous
Scattering, edited by S. RAMASESHAN & S. C.
ABRAHAMS, pp. 43746 1. Copenhagen: Munksgaard.

KARTHA, G. & PARTHASARATHY, R. (1965). Acta Cryst. 18,
745-749.

KoerzLE, T. F. & HAMILTON, W. C. (1975). Anomalous
Scattering, edited by S. RamasesHaAN & S. C.
ABRAHAMS, pp. 489-502. Copenhagen: Munksgaard.

LYE, R. C., PHiLLIPS, J. C., KAPLAN, D., DONIACH, S. &
HobasoN, K. O. (1980). Submitted to Proc. Natl Acad.
Sci. USA.

MATTHEWS, B. W. (1966a). Acta Cryst. 20, 230-239.

MATTHEWS, B. W. (1966b). Acta Cryst. 20, 82—86.

NoRTH, A. C. T. (1965). Acta Cryst. 18,212-216.

PHILLIPS, J. C., CERINO, J. A. & HoDGSsoN, K. O. (1979). J.
Appl. Cryst. 12, 592-600.

PHiLLIPS, J. C., TEMPLETON, D. H., TEMPLETON, L. K. &
HobpGsoN, K. O. (1978). Science, 201, 257-259.

PHiLLIPS, J. C., WLODAWER, A., GOODFELLOW, J. M.,
WATENPAUGH, K. D., SIEKER, L. C., JENSEN, L. H. &
HobGsoN, K. O. (1977). Acta Cryst. A33, 445-455.

RAMAN, S. (1959). Proc. Indian Acad. Sci. Sect. A, 50,
95-107.

SCHOENBORN, B. P. (1975). Anomalous Scattering, edited by
S. RAMASESHAN & S. C. ABRAHAMS, pp. 407—416.
Copenhagen: Munksgaard.

SINGH, A. K. & RAMASESHAN, S. (1968). Acta Cryst. B24,
35-39.

TeEMPLETON, D. H., TEMPLETON, L. K., PHILLIPS, J. C. &
Hobason, K. O. (1980). Acta Cryst. A36, 436—442.

Classification of Directions in Crystallographic Point Groups According to the
Symmetry Principle
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Abstract

It is shown that a complete geometrical classification of
directions in crystallographic point groups may be
constructed by means of partitioning directions
according to connected totalities whose directions
possess the same complete group of symmetry. In all

0567-7394/80/060864-06301.00

the 32 crystallographic point groups there exist 358
different connected regions of directions.

The set of all symmetry operations of a crystallo-
graphic point group which transfer the given direction
into itself will be referred to as the direction group of

© 1980 International Union of Crystallography
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Table 1. Connected regions of directions in Table 1 (cont.)
crystallographic point groups Number
of
oton
H . c
ind!:‘::r:f;em lso:lyes;on Crystal  region of Region Spherical parameters fry(:)m
Crystal  region of Region Spherical parameters from class crystal class index of region (angles in °) Table 2
class crystal class index of region (angles in °) Table 2 1 2 3 4 S
) 3 3 4 5 1,-;,-3 0<p<ds 0<p<90 14
1,-2-3 45<9<90  0<p<90 14
1 Al sphere 1 0<p<360 0<p<I80 1 1,‘-2,‘-3 0< wt 45 9% fp < 180 14
i Halfof sphere 1 0<p<180 0<p<I180 2 1,-2,-3 45<9<9  90<p< 180 14
2¢ - 2 1 p=0 ! mmm 1, p=0 2
L=l i =180 1 L, 9=90 p=90
2 0<p<180 p=90 2 1, =0 p=90 2
1,-2 0<9< 180 0<p<90 12 2, =0 p=45 5
12 0<¢<180  90<p< 180 12 2,  ¢=90 p=45 5
m 1 p=0 2 2, @=45 p=90 5
2 2 0<p<360  p=90 1 3 e=45 tanp = /2 34
1.2 0<p<360 0<p<90 12 -2, ¢=0 0<p<as 4
. : : T A
p= ™4 ¢= <p<
e A = T SN
- -4 0<¢<180 0<p<4s 4 11—2: 0<g<ds =90 4
A-2 0<p< 180 45 < p< 90 4 1-3 0=45 0<,anp<\/2 32
222 1, p=0 2 1,-3 45 <9 <90 cot p=cos ¢ 32
1, 9=90 p=90 2 ;-3 0<p<4s cot p =sin ¢ 32
1, 0=0 p=90 2 2,-3 0<p<4s cot p=cos ¢ 32
2, 0=0 p=45 5 2,-3 45< @< 90 cot p = sin ¢ 32
2, ©=90 p=4s 5 2,:-3 @=45 \/2<tanp<oo 32
2, 0 =45 =190 5 1-2-3 0<gp<4s cotp > cos g 31
3, ¢ =45 tan p = /2 24 1,-2-3 45<9p<90 cot p > sin ¢ 31
3, @ =:315 tanp = /2 24 12,3 45<9<90 sing>cotp>cosg 31
-2, ¢=0 0<p<ds 4 1,-2,-3 45<9<90 cot p < cos ¢ 31
-2, ¢=90 0<p<4s 4 1,-2,-3 0<p<4s cot p < sin @ 31
1-2, 45<9<90 p=90 4 1;-2-3 0<p<4s sinp<cotp<cosy 31
-2, =90 45<p<90 4 3 1, p=0 :
1,2, ¢=0 45<p <90 4 5 1 » =180 1
12, 0<p<4s p=90 4 L-5 2 0sp<i20  p-90 3
:::;‘; Ziﬁs gz:‘:ﬁi% ;g / -2 0<p<I20 0<p<90 13
13, 45 < p< 90 cotp=cos o 2 _ 1,-2 0<p<120 90 < p< 180 13
13, 0<g<4s cot p=sin ¢ 23 3 1 p=0 2
1,3, 270<p<31S cotp=cosg 23 Z 0sg<c60 p=90 7
173, 315<9<360 cotp=—sinp 23 A4 0<9<120 tanp=,"2 28
2-3, 0<p<4s cot p = cos ¢ 23 -4 0<p<120  O<tanp< /2 27
23, 315<p<360 cotp=cosp 23 A-2 0s¢<120  2<tanp<oo 27
2,-3, 45<9<90 cot p = sin ¢ 23 1 p=0 2
273, ¢=45 V2<tanp<o 23 ) —o — %0 3
3,-3, 210<p<315 cotp=—sing 23 Y e o 3
-3,  @=315 V2<tanp<wo 23 T i o ]
1-2,-3, 0<g<4s cot p > cos ¢ 22 y w:30 :’a; -2 28
1,-2,-3, 45<9<9%  cotp>sing 22 o “’;90 m‘j:\/z 8
12,-3, 45<9<90  sin @>cotp>cosg 22 N $=30 0(’{3; <2 2
12,-3, 45<p<90  cotp<cosg 2 Acd o_30 \/2<m‘; ve 7
1523, 0<p<4s cotp < sin @ 22 " “% A f:/z 7
1,-2,-3, 0<g<45 sing<cotp<cosp 22 3 ‘p:90 \/2<ta/; Y ”
1,-2,-3, 315<9 <360 cotp>cose 22 5 "jo p<o
123, 315<p<360 —sinp<cotp<cose 22 o= 0<p <90 25
133, 315<p<360 cotp< —sing 2 ;‘231 9 =60 o 0<p<90 2
1,-2,-3, 270< 9 < 315 cotp < cos ¢ 2 2"3 go< ¢< 360 = 98 6
T-2-3, 270<9<315 —sino>cot p>cose 22 1 << p=9 6
1-2-3, 270<p<315 cotp> —sing 2 2273 0<g<30  0<p<90 26
1-2,-3 30<p<60  0<p<90 26
mm2 1, p=0 1 1-2,-3 60<p<9  0<p<90 2
-1, 2, 1, p=180 1 1-2,-3 90<9< 120 0<p<90 26
2,  ¢=0 p=90 2 Im 1 b0 |
2, =90 p=90 2
3 3 p=4s p=90 s ) 3 p= 130 !
2, -2, ¢=0 0<p<90 12 L=l Y v "fgo g
1-2, 9=90 0<p<90 12 7 “’:60 ":90 ;
1-2, ¢=0 90 < p< 180 12 ¢= p=
12, ¢=90 90 < p < 180 12 2 2 =30 0<p<90 13
1,-3 0= 45 0<p<90 15 1,-2, ¢=90 0<p<90 13
I3 g4 90 < p < 180 5 3 1-2, =30 90 < p< 180 13
203 0<pcds e 90 . 2 1-2, =90 90 < p< 180 13
! -3 =60 0<p<90 17

2,-3 45<p <90 p=90 4
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Table 1 (cont.)

Precise
independent
region of Region Spherical parameters
crystal class index of region (angles in °)
2 3 4
1,-3 © =60 90 < p < 180
2-3 0<g<60 p=90

2,3 30<9<90 p=90
1-2-3 0<p<60 0<p<90
1,-2-3 30<¢p<90 0<p<90

1,-2,-3 0<¢p<60 90 < p < 180
1,-2,-3 30<¢9<90 90 < p < 180

1 p=0

2 ¢ =30 p=90

3 @ =60 p =90

A, ©=130 tanp = /2

A, ¢ =90 tanp= /2

C @ =45 p=90

-4, ¢=30 0<tanp< /2
A-2 ¢=30 oa>tanp>\/2
1-4, ¢=90 0<tanp <2
A2 ©=90 V2<tanp< oo
1-3 @ =060 0<p<90
2-C 0<p<ds p=90

-3 45< <60 p=90
1-2-3  30<¢<60 0<p<9
1-2-3  60< @< 90 0<p<90

1, p=0
2, p=180

2 0<p<90 p=90

1,-2 0<¢p<90 0<p<9

1,-2 0<¢p<90 90 < p< 180

1 p=0

2 0<p<90 p=90

A 0<p< 180 tanp=\/2

1-4  0<p<180 0<tanp< /2
A-2  0<p< 180 V2<tanp< o

1 p=0
2 0<9p<90 p=90
A 0<9p<90 tanp=1/2
-4 0<@<90 O<tanp< /2
A-2 0<9<90 V2tanp< o
1 p=0
4, R 2, =0 p=90
2, =45 p=90
3 9=22.5 p=90
A, 3 4, ¢=0 tanp=/2
A, @o=45 tanp:\/Z
Z -4, ¢=0 0<tanp< /2
A2, 9=0 V2 <tanp <o
1- =225 0<p<9
1-3 0=225 90 < p< 180
2,-3 0<@<22:5 p=90
2,-3 22.5<¢p<45 p=90
1-4, ¢=45 0<tanp< /2
A2, @=45 V2<tanp<oo

1-2)-3 0<@<225 0<p<90
2,-3 22.5<9p<45 0<p<90

T-2-3 0<p<22:5  90<p<180
T-2,-3 22.5<p<45 90<p< 180
1, p=0
2, 1, p=180
2, ¢=0 p=90
3 2, ¢=45 p=90
3 @0=122-5 p=90
2, 1-2, ¢=0 0<p<90
1,-2, ¢=45 0<p<90
1,2, =0 90 < p < 180
12, ¢=45 90 < p< 180

1-3 =225 0<p<90

Number
of
isohedron
type
from
Table 2
5

17

Crystal
class
1

Precise
independent
region of
crystal class
2

a2m
4 2
1-1
C
BLI
3
4
— mm
m
1 4, 2,
A, 3
2,
6
ll_lz \ 2
\
\
6
1 2
/
’
6
— 2
po lv
622
2,
1-1 3

Table 1 (cont.)

Region
index

LS.

|
Lot

4

——
[
w W

I
R

|
[SERSVIVINNY

Spherical parameters
of region (angles in °)

9 =225

0<p<22:5
22-5< @ <45
0<p<22:5
22.5<p<4s
0<p<22:5
22.5<p<4s

[ T TR (R
N
v

([T (| I
a2 DhOONSE KOOSO
IRV w

IR I B AR
Il

]
IS
o

0<p<22:5
22.5<p<4s
0<p<4s
0<p<4s

22.5< <45
0<p<22:5
22:5< <45

0<p<60
0<9<60
0<@60

0<¢p<120
0<¢< 120

0<9<60
0<¢p<60

o nn
w O

It

—_—w O = WO
w O

i

€S €68 8%

0<p<1Ss
15<p< 30
O0<p<ls
15< <30
0<p<Is
15<9<30

4

90 < p< 180
p=90

p=90
0<p<90
0<p<9

90 < p< 180
90 < p< 180
p=0

p =90

p =90
tanp = \/2
tanp = /2
tanp = —\/2
p=90
0<tanp < /2
\/2<tanp<oo
0<tanp< /2
V2 <tanp <
0> tanp>—/2
—V2>tanp> -
p=90

p=90
0<0<9

90 < p< 180

p=0

p=90

p=90

p=90
tanp=/2
lan/)=\/2
0<tanp< /2
V2<tanp < ®
0<tanp<\/2
V2<tanp<oo
0<p<90
p=90

p=90

0< <90

0< <9
p=0

p=180
p=90
0<p<90
90 < p< 180

p=0
p=90
0<p<90

p=0
p=90
0<p<90

p=0
p=90
p=90
p=90
0<p<90
0<p<90
0<p<90
90 < p< 180
p=90
p=90
0<p<90
0<p<90
90< p< 180
90 < p< 180

Number
of
isohedron
type
from
Table 2
5
19
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Table 1 (cont.) Table 1 (cont.)
Number Number
of of
Precise isohedron Precise isohedron
independent type independent type
Crystal region of Region Spherical parameters from Crystal region of Region Spherical parameters from
class  crystal class index of region (angles in °) Table 2 class crystal class index of region (angles in °) Table 2
1 2 3 4 5 1 2 3 4 5
1 p=0 1 m3 1 p=0 28
6mm 1
1, p=180 1 2 0=0 p=45 42
1 —1 2, 2, =0 p=90 7 1 4 2 3 p=45 tanp— /2 34
e 5 % e=30 p=90 7 -
> 3 @=15 p=90 1 4] & A, 9=0 tan p — - cos - 4s
: 1.2, ¢=0 0<p<90 17 373 2 s
1-2, ¢=30 0<p<90 8 1oz
1,72, ¢=0 90 < p < 180 8 A, =90 Ianp'ECOSE 45
-2, =30 90 < p < 180 8
2.3 0<p<1s p=190 10 ~ 1
23 15<p<30  p=90 10 -4, ¢=0 O<tanp < cos. 44
-3 =15 0<p<90 21 L a
1,-3 p=15 90 < p < 180 21 A2 0=0 —cos—<tanp <1 44
1-2-3 0<p<15 0<p<90 20 2 s
1-2,-3 15<9<30  0<p<90 20 | oz
1,-2-3 O0<p<1S 90< p< 180 20 1-4, ¢ =90 0<1anp<;cosg 44
1273 15<9<30  90<p< 180 20 |
n
- 1 p=0 2 A-3 ¢ =90 —cos-<tanp <1 44
62m 2, =0 p=90 3 ! 2 s
\ 2, L e=60 p =90 3 -3 p=45 0<tanp< /2 53
3 0=130 »=90 7 2-3 0<op<4s cot ) = cos 54
3 1-2, ¢=0 0<p<90 25 1-2-3 0<op<d4s cotp > cos ¢ 52
-2, ¢=60 0<p<90 25 1-3-3 45<0<90  cotp>sing 52
-3 =30 0<p<90 37
2, 2-3  0<@<30 p=90 6 432 1 p=0 28
2,-3 30< ¢ <60 » =90 6 2 2 0=0 p=45 42
1-2,-3 0<p<30 0<p<90 36 t 3 9 =145 tanp =2 34
1-2,-3 30<p<60 0<p <90 36 L -2 =0 0<pcas 51
b] 3 1-3 ©—45 0<tanp < \/2 33
——mm ! »=0 2 2-3 0<gp<4s cot p=cos ¢ 54
m 2, =0 »=90 7 1-2-3  0< @< 48 cotp > cos o 55
2, e=30 p=90 7 1-3-3 45<w<90  cotp>sing 55
! 3 3 0=15 p =90 11 3
1-2, ¢=0 0<p<90 37 43m 32 1 p=0 28
2 1.2, =30 0<p<90 37 2 ¢=0 p=4s 42
-3 g=15 0<p<90 49 ‘ 2 3, w=4s5 tanp = /2 2
23 0<og<ls p=90 10 3, @ =315 lan/ﬁ*—\d/: ﬁ
23 15<p<30 p =90 10 3, -2 ¢-=0 0<p< , 0
1-2-3 0<op<15 0<p<90 48 -3, 0=45 O<tanp <y
1-2,-3 15<9<30  0<p<90 48 1-3, ¢=315 0 <tanp <2 40
2-3, O0<op<ds cot p = Cos @ 48
23 ! p=0 28 2-3, 315< 9 <360 cotp=cose 48
2 0=0 =45 42 1-2-3, 0<p<4s cotp > cos @ 30
3 @ =45 tanp— /2 24 1-2-3, 315< 9 <360 cotp>cose 30
3, 9=1315 tanp— /2 24
) m3m ) 1 p=0 28
r 2 0=0 p=45 42
A = tanp=— - 45
! 0=0 ane 2 COSS ! 3 9= 45 tanp= /2 34
12 =0 0<p<as s1
bz 3 1-3 =45 0<tanp< \2 53
5 4 =90 lanp=5cosg 45 2-3 0<o<4s cot p=cos & 54
r - 1-2-3 0<o<4ds cot > cos ¢ 56
I n
! 1-4,  ¢=0 0 <tanp < —cos - 44
1 2 25
1 ,, . . . .
A, 4-2 o-0 —cost<tanp<l 44 the crystallographnc point group. It is evident that all
3+ -3 25 such different groups are described by the ten crystallo-
1 n M M .
-4,  ©=90 O<tanp<icost a4 graphic point groups of the plane: 1, 2, 3, 4, 6, m, mm?2,
2 s 3m, 4mm, 6mm.
43 0-90 Lo cunp<i a4 Let the magnitude of some property depend only on
2 A . .. . . .
2 s the relative positions of the direction and
1-3, ¢ -45 0<tanp< /2 40 crystallographic point group. In such cases this
oy o ilj 5 octans < v? % magnitude will also be identical in directions which are
- / n- € . N .
23, 315<e<360 cotp - coso 4 equivalent by symmetry transformations transferring
1*;*31 0co<ds  cotp>cose a3 the crystallographic point group into itself, ie. in
1-3-3, 45<¢ <90 cotp > sin g 43 . . . . R
1-2-3, 315<0< 360 coup>coso P dlrecu‘ons egunvalent by the normalizer of the crystallo
1-33, 270<0<315 —sinw<cotp 43 graphic point group in the group of the sphere. It
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follows that the normalizer of the corresponding
crystallographic point group will be the symmetry
group of the indicatory surface of such a property.
Seven different normalizers correspond to the 32
crystallographic point groups:

Ie'e) -
—m 1,1

o)

0 __ _.2 4 6
—m 2’3’4969”17 374s69_,_’_

m m m m

12 6

—mm 622, 6mm, —mm

m m

8 4

—mm 422, 4mm, —mm

m m

6 L

—mm  32,3m,3m, 62m

m

4 ,

—mm  mm2,42m

m

m3m 222, mmm, 23, m3, 432, 43m, m3m.

In the projection sphere the independent region of

o0
the — m normalizer consists of one zero-dimensional
o0

o0
simplex, that of the —m normalizer, of two zero-
m

dimensional simplexes and one unidimensional simplex.
The independent regions of the remaining normalizers
consist of one two-dimensional, three unidimensional
and three zero-dimensional simplexes. Since a crystal-
lographic point group is a normal subgroup of its
corresponding normalizer the simplexes of an
independent region of the normalizer form a partition
of the precise independent region of the crystal-
lographic point group.

We shall refer to the totality of symmetry
transformations transferring into itself both the given
direction and the complete set of symmetry elements of
the given crystallographic point group as the group of
the given direction by the normalizer. It is evident that
this group is a subgroup of the normalizer. In order to
find all such different groups, it is sufficient to take one
point from each of the simplexes of the independent
region of the normalizer, as directions corresponding to
the same simplex possess the same group. In all the 32
crystallographic point groups there are nine different
direction groups by the normalizer: 1, m, mm2, 3m,
4mm, 6mm, 8mm, 12mm, com.

We shall refer two directions to the same geometrical
sort with respect to a point group if they belong to the
same simplex or equivalent simplexes by the
normalizer. Such a classification of directions in terms

CLASSIFICATION OF DIRECTIONS IN CRYSTALLOGRAPHIC POINT GROUPS

of geometry results from the fact that all the directions
of the same geometric sort are located similarly relative
to the symmetry elements of the crystallographic point
group. In all the 32 crystallographic point groups there
exist 168 different geometric sorts of directions.

The direction is called a general one if it belongs to
the internal points of the independent region of the
normalizer, and a particular one if it belongs to its
boundary.

It should be noted now that in the projection of the

8
independent regions of the normalizers — mm and
12 m
—mm one edge and one corner are formed of
m

directions with irrational indices and whose groups by
the normalizer are not crystallographic ones. We shall
call the 12 sorts corresponding to such simplexes
irrational ones. In the crystallographic point groups
mm?2, 222 and mmm there are geometric sorts whose
end groups of directions by the normalizer are higher
than the holohedries of the considered groups. We shall
term 'such ten sorts real/ ones. The remaining 146 sorts
(rational sorts) in one-to-one manner correspond to
146 crystallographic varieties of the simple forms
obtained by Bokiy (1940) and successfully used by
Shuvalov (1970) for the classification of possible types
of phase transitions in ferrielectrics.

We shall refer to the complete totality of equivalent
directions according to the crystallographic point group
as the direction star. The complete group of symmetry
which is transforming into itself both the direction star
and some direction of this star we call complete groups
of this direction. In all the 32 crystallographic point
groups there are seven different complete groups of the
directions: 1, m, mm2, 3m, 4mm, 5m, com.

We shall call directions in which the group by the
normalizer and the complete group do not coincide
instantaneous ones. An increase of symmetry in a
complete group is obtained because the star is
considered separately from the crystallographic point
group which generated it.

We shall refer two directions in the same crystal-
lographic point group to the same connected region if
the complete group of directions does not change
during a continuous transition from the first direction
to the second one. In order to find all different
connected regions of directions, we can take advantage
of the fact that each connected region is either a
simplex of the independent region of the normalizer, or
an instantaneous direction, or part of a simplex
separated by an instantaneous direction. In all the 32
crystallographic point groups there exist 358 different
connected regions (Table 1).

The first column of Table 1 shows the symbol of the
crystallographic point group and the second one its
precise independent region (Galiulin, 1978). For
crystallographic point groups with normalizers of finite
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12
13
14
15
16
17
18
19*
20
21*
22e
23
24
25
26e
27
28
29e
30°
31

32
33
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35
36
37
38e
39*
40
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43e
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49*
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Table 2. Fifty six types of isohedron

Isohedron type
2

Monohedron
Pinkakoid
Trigonal prism

Rhombic prism

Tetragonal prism
Ditrigonal prism

Hexagonal prism

Ditetragonal prism

Octagonal prism

Dihexagonal prism

Dodecagonal prism

Dihedron

Trigonal pyramid
Rhombic pyramid
Tetragonal pyramid
Ditrigonal pyramid
Hexagonal pyramid
Ditetragonal pyramid
Octagonal pyramid
Dihexagonal pyramid
Dodecagonal pyramid
Rhombic tetrahedron
Tetragonal tetrahedron
Tetrahedron

Trigonal dipyramid
Trigonal trapezohedron
Rhombohedron

Cube

Tetragonal trapezohedron
Octagonal deltohedron
Rhombic dipyramid

Tetragonal dipyramid
Tetragonal scalenohedron

Octahedron

Trigonal scalenohedron
Ditrigonal dipyramid
Hexagonal dipyramid
Hexagonal trapezohedron
Dodecagonal deltohedron
Trigon-tritetrahedron
Tetragon-tritetrahedron
Rhombododecahedron
Pentagon-tritetrahedron
Pentagon-dodecahedron
Dodecahedron

Ditetragonal dipyramid

Octagonal dipyramid

Dihexagonal dipyramid

Dodecagonal dipyramid

Complete

group of

direction
star

mmm

62m

mm2
4mm
3m
6mm
amm
8mm
6mm
12mm
222
42m

Complete
group of
direction

mm2

mm2

mm2

mm?2

§3I-3~3~3—-3~-33%

5
-3-33-3

A set of
expansions

L 222, mm2

222, mm2,4.4

ERESES RN

32.3m

3,32,3m,6
422, 4mm, 42m
422,4mm, 42m, 8, 8
3m, 622, 6mm

3m, 622, 6mm, 12, 12

2,m
3
mm?2
mm2, 4
3m
3m, 6
4mm
4mm, 8
6mm
6mm, 12
222
222,4
222, 4
32,6
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3,32
3,32
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422,4mm, 8
mmm

4
mmm. —_ 422, 42m
m
a2m
4 .
mmm, —, 422,42m
m
6

——mm
m

62m

. 6 .
3m, —.622,62m
m

622
< 6
3m,—, 62m, 622, 12
m

23
23
23
23
23
23
4
—mm
m
4 8

—mm, —, 822, 82m
m

6
—mm,—, 1222, 122m
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Table 2 (cont.)

Complete

group of Complete

direction  group of A set of

No. Isohedron type star direction expansions
1 2 3 4 5

50 Hexatetrahedron 43m 1 43m
51 Tetrahexahedron m3m m 43m, 432
52 Didodecahedron m3 1 m3
53  Tetragon-trioctahedron m3m m m3,432
54  Trigon tritetrahedron m3m m m3,432
55¢ Pentagon-trioctahedron 432 1 432
56  Hexaoctahedron m3m 1 m3m

* Irrational directions; e enantiomorphous directions.

order, the table indicates the separation of the precise
independent region of the crystallographic point group
by independent regions of the normalizer. The vertices
of the initial independent region of the normalizer are
indicated by the numbers 1, 2 (in the case of the

o0
normalizer — m) and 1, 2, 3 (in the case of the

m
normalizers of the finite order). Vertices equivalent by
the normalizer are designated by identical numbers
with digital subindices. If these vertices are not included
in the precise independent region of the crystal-
lographic point group, curved lines are put above the
numbers which designate them. Instantaneous direc-
tions are designated by the letters A, B, C. Each
connected region of the type is designated by the
numbers or letters of the sides which limit it. The fourth
column shows the spherical parameters of the region.
The p values in the figures of the table are read off from
the positive direction perpendicular to the drawing
plane, and the ¢ values from the right horizontal
direction clockwise. The fifth column indicates the
number of the isohedron (a polyhedron with equivalent
faces) of Table 2 whose faces are perpendicular to the
star vectors. In all the 32 crystallographic point groups
there are 56 different types of isohedra (Galiulin, 1978).
The fifth column of Table 2 shows expansions of the
crystallographic point group according to the direction
group. The order of the expansions corresponds to the
number of equivalent directions. If it equals unity, the
direction is termed a particular one. A set of expan-
sions contains all the subgroups of the crystallographic
point group transferring any two vectors of the star into
each other, but leaving neither vector in its position.

The author wishes to express his thanks to N. V.
Belov, Z. G. Pinsker and L. A. Shuvalov whose
comments and advice were very helpful when solving
the present problem.
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